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00 . 1 Introduction 
m 

" ' , Let (M, g) be an n-dimensional semi-Riemannian manifold and X{M) the Lie algebra of vector fields in M. 

Throughout the paper we assume that X, Y, Z, U,V,W € X(M), unless specifically stated otherwise. 

■ A semi-Riemannian manifold M is said to be flat if R{X, Y)Z ~ 0. It is said to be ^-flat if R{X, F)^ = 0, 

■ where ^ is a non-null unit vector field in M. The condition of ^-flatness is weaker than the condition of 
flatness. In 2006, De and Biswas [7] studied the ^-conformally flat contact metric manifolds with ^ G N{k). 
They proved that a contact metric manifold with ^ G N{k) is ^-conformally flat if and only if it is ry-Einstein 

_ manifold. Recently, in 2010, Dwivedi and Kim [12] proved that a Sasakian manifold is ^-conharmonically 

. flat if and only if it is ry-Einstein. 



A semi-Riemannian manifold M is said to be semisymmetric [45] if it satisfies R{X, Y) ■ R ^ 0, where 
R (X, Y) acts as a derivation on R. Semisymmetric manifold is a generalization of manifold of constant 
curvature and symmetric manifold ( Vi? = 0) . A semi-Riemannian manifold is said to be recurrent [53] if it 
satisfies Vi? = a ^ R, where a is 1-form. In 1972, Takagi [46] gave an example of Riemannian manifolds 
satisfying R{X, F) • i? = but not Vi? 0. 

A semi-Riemannian manifold M is said to be Ricci-semisymmetric [10] if its Ricci tensor S satisfies 
R{X, Y) ■ S — 0, where R {X, Y) acts as a derivation on S. Ricci-semisymmetric manifold is a generalization 
of manifold of constant curvature, Einstein manifold, Ricci symmetric manifold, symmetric manifold and 
semisymmetric manifold. 

Ricci-semisymmetric manifolds are studied by Adati and Miyazawa [2], Hong et al. [16], Pandey and 
Verma [34], Perrone [35] and Tripathi et al. [51]. After this Ozgiir [31] studied the Weyl Ricci-semisymmetric 
manifold. Hong, Ozgiir and Tripathi ([16], [33]) studied the concircular Ricci-semisymmetric manifold. 

The paper is organized as follows. In Section 2, we give the definition of T-curvature tensor. In 
Section 3, we define (iV(fc), ^)-semi-Riemannian manifolds. Examples and properties of (A'^(fc), ^)-semi- 
Riemannian manifolds are given. Af(A;)-contact metric manifold, (£)-Sasakian, Sasakian, Kenmotsu, (e)- 
para-Sasakian and para-Sasakian manifolds are examples of (iV(fc), ^)-semi-Riemannian manifolds. We 
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obtain the relations for '^-curvature tensor in (A^(/e), ^)-semi-Rieniannian manifold. In Section 4, the 
definition of ^-T^-flat (A^(fc), ^)-semi-Riemannian manifold is given. Necessary conditions for a ^-TJ^-flat 
(A^(/c), ^)-scmi-Ricmannian manifold arc mentioned. It is proved that an n-dimensional ^-"^-flat {N{k).^)- 
semi-Riemannian manifold is ry-Einstein under an algebraic condition. The necessary and sufficient condition 
for an n- dimensional (A'^(fc), ^)-semi-Riemannian manifold to be ^-"^-flat is obtained, where "^-curvature 
tensor is one of the quasi-conformal curvature tensor, conformal curvature tensor, conharmonic curvature 
tensor, A4-projective curvature tensor or W2-curvature tensor. In Section 5, the definition of T-recurrent, 
T-symmetric and T-semisymmetric semi-Riemannian manifolds are given, where T is any tensor of type 
(1,3). It is proved that if a semi-Riemannian manifold is T-rccurrent or T-symmetric, then it is always T- 
semisymmetric. In Section 6, 7{))-scmisymmetric semi-Riemannian manifolds are defined and classified. 
It is proved that "^-semisymmetric (iV(fc), ^)-semi-Riemannian manifolds are either ry-Einstein or Einstein 
and manifold of constant curvature, "^-semisymmetric (A''(A;), ^)-semi-Riemannian manifold is proved to be 
X-flat under certain condition. A "^-semisymmetric (A''(A;), ^)-semi-Riemannian manifold is ^-conservative 
under some condition. It is also proved that if an (A^(A:), ^)-semi-Riemannian manifold is of constant cur- 
vature, then it is "^-semisymmetric under some algebraic conditions. In the last section, the definition 
of (7^^, 5'7;)-semisymmetric semi-Riemannian manifold is given. (X, ST-J-semisymmetric (A^(fc), ^)-semi- 
Riemannian manifolds are classified. The results for '^-Ricci-semisymmetric (Af(A:), ^)-semi-Riemannian 
manifolds are obtained. An n- dimensional (i?, )-semisymmetric (7V(fc), ^)-semi-Riemannian manifold is 
Einstein under an algebraic condition. An Einstein manifold is (i?, )-semisymmetric. If M is an Einstein 
manifold such that % G {R,Ct,,C,jC,V, A4, Wo, Wq,Ws}, then it is "^-Ricci-semisymmetric. 

2 T-curvature tensor 

Definition 2.1 In an n-dimensional semi-Riemannian manifold {M,g), T-curvature tensor [52] is a tensor 
of type (1,3), which is defined by 



where ao, . . . , ay are real numbers; and i?, Q and r are the curvature tensor, the Ricci tensor, the Ricci 
operator and the scalar curvature respectively. 

In particular, the T-curvature tensor is reduced to 



T{X,Y)Z = aoR{X,Y)Z 



+ aiS (y, Z)X + a2S {X, Z)Y + S{X, Y)Z 

+ a4g (y, Z) QX + ag 9 (X, Z) QY + ag g{X, Y)QZ 

+ aTr{g{Y,Z)X-g{X,Z)Y), 



(2.1) 



1. the curvature tensor R if 



ao = 1, ai = • • • = 07 = 



2. the quasi-conformal curvature tensor C* [56] if 






3. the conform,al curvature tensor C [13, p. 90] if 
oo = 1, oi = — a2 = a4 = — as = — 



n-2 



1 



03 = ae = 0, ar = 



(n-l)(n-2) 



1 



4. the conharmonic curvature tensor C [14] if 

oq = 1, ai = — 02 = a4 = — as = — 



n-2' 



1 



as = cie = 0, 07 = 0, 



5. the concircular curvature tensor V ([54], [55, p. 87]) if 

ao = 1, oi = 02 = as = 04 = as = ae = 0, 07 = — 



n{n — 1) ' 



1 



6. the pseudo-projective curvature tensor [39] if 

fli = — a2, 03 = 04 = as = ae = 0, 
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7. the projective curvature tensor V [55, p. 84] if 

ao = 1, ai = - 02 = - 7 TV, 03 = 04 = 05 = 06 = ar = 0, 

(n- 1) 

8. the A4-projective curvature tensor [37] if 

00 = 1, Oi = -02 = 04 = -05 = -— — ■, 03 = 06 = 07 = 0, 

2(n — 1) 

9. the Wo-curvature tensor [37, Eq. (1.4)] if 

oo = 1, oi = - 05 = - — ■, 02 = 03 = 04 = 06 = 07 = 0, 

(n- 1) 

10. the W^-curvature tensor [37, Eq. (2.1)] if 

Oo = 1, oi = - 05 = — , 02 = 03 = 04 = 06 = 07 = 0, 

(n- 1) 

11. the Wi- curvature tensor [37] if 

Oo = 1, Oi = - O2 = 7 — ■, 03 = 04 = 05 = 06 = 07 = 0, 

(n- 1) 

12. the -curvature tensor [37] if 

Oo = 1, Oi = - 02 = - 7 -T, 03 = 04 = 05 = 06 = 07 = 0, 

(n- 1) 



13. the W^-curvature tensor [36] if 



1 

Oo = 1, 04 = - 05 = - — ■, oi = 02 = 03 = 06 = 07 = 0, 

(n- 1) 



14. the W3- curvature tensor [37] if 



00 = 1, 02 = -04 = -7 — 3——, 01=03 = 05 = 06 = 07 = 0, 

(n- 1) 



15. the W4- curvature tensor [37] if 



1 

Oo = 1, 05 = - 06 = 7 -T, oi = 02 = 03 = 04 = 07 = 0, 

(n- 1) 



16. the W^-curvature tensor [38] if 



Oo = 1, 02 = - 05 = - 7 — ^— — , oi = 03 = 04 = 06 = 07 = 0, 

(n- 1) 



17. the We-curvature tensor [38] if 



1 

Oo = 1, 01 = - 06 = - 7 -r, 02 = 03 = 04 = 05 = 07 = 0, 

(n- 1) 



18. the W7- curvature tensor [38] if 



Oo = 1, oi = - 04 = - 7 --, 02 = 03 = 05 = 06 = 07 = 0, 

(n- 1) 



19. the Wg-curvature tensor [38] if 



Oo = 1, Oi = - 03 = - 7 ^— — , 02 = 04 = 05 = 06 = 07 = 0, 

(n- 1) 



20. the Wg-curwotere tensor [38] if 



1 

Oo = 1, 03 = — 04 = 7 -T, oi = 02 = 05 = 06 = 07 = 0. 

(n- 1) 
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Denoting 

T{X,Y,Z,V) = giT{X,Y) Z,V), 
we write the curvature tensor T in its (0, 4) form as follows. 

T{X,Y,Z,V) = aoR{X,Y,Z,V) 

+ a,S {Y, Z) g {X, + 5 {X, Z) g {Y, V) 

+ ag 5 (X, Y) g (Z, t/) + 04 5 (X, V) g (F, Z) 
+ a^S (r, V) g (X, Z) 4- ae ^ (Z, 5 (X, F) 

+ ar r (5 (F, Z) .g (X, V) - g {X, Z) g (F, V)) . (2.2) 
In a semi-Riemannian manifold (M, gi), let {cj}, i = 1, . . . , n be a local orthonormal basis, define 

n 

(divT) (X, F, Z) = ^ £,5((Ve.r)(X, F)Z, e,), 

i=l 

where = fif(ei,e,). Then 

(divr)(X,F,Z) = (ao + ai)(Vx5)(F,Z) + (-ao + a2)(Vr5)(X,Z) 
+ a3(Vz5)(X, 1^) + (y + ar) (Vxr)5(l^, ^) 
+ (y - ay) {^Yr)g{X, Z) + '^{y zr)g{X, F), (2.3) 

St{X,Y) = {ao+nai + a2+a-i + az + aQ)S{X,Y) 

+ {ai + {n-l)ar)rg{X,Y). (2.4) 

Definition 2.2 An n-dimensional semi-Riemannian manifold is said to be T-conservative [52] if divT = 0. 

Notation 2.3 We will call T-curvature tensor as Ta-curvature tensor, whenever it is necessary. Ifao, ■ ■ ■ ,0,7 
are replaced by 6o,---)^7 in the definition of T-curvature tensor, then we will call T-curvature tensor as 
Tb-curvature tensor. 

3 (A/^(/c), ^)-semi-Riemannian manifolds 

Let (M, g) be an n-dimensional semi-Riemannian manifold [30] equipped with a semi-Riemannian metric g. 
If index(p) = 1 then (/ is a Lorentzian metric and {M,g) a Lorentzian manifold [3]. If g is positive definite 
then g is an usual Riemannian metric and (M, 17) a Riemannian manifold. 

The k-nullity distribution [48] of (M, g) for a real number k is the distribution 

N{k) : p H> Np{k) = {Z€ TpM : R{X, Y)Z = k{g{Y, Z)X - g{X, Z)Y)} . 
Let ^ be a non-null unit vector field in (M, g) and r] its associated 1-form. Thus 

where e = 1 or — 1 according as ^ is spacelike or timelike, and 

fl{X)=eg{X,^), 77(0 = 1. (3.1) 

Definition 3.1 An {N{k),£_)- semi- Riemannian manifold consists of a semi-Riemannian manifold {M,g), a 
fc-nullity distribution N{k) on {M,g) and a non-null unit vector field ^ in {M,g) belonging to N{k). 

Now, we intend to give some examples of (iV(A;), ^-semi-Riemannian manifolds. For this purpose we 
collect some definitions from the geometry of almost contact manifolds and almost paracontact manifolds 
as follows: 
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Almost contact manifolds 

Let M be a smooth manifold of dimension n = 2m + 1. Let (p, ^ and rj be tensor fields of type (1, 1), (1, 0) 
and (0, 1), respectively. If ^ and r] satisfy the conditions 

9?^ = - J + 7? «) (3.2) 

viO = 1, (3.3) 

where / denotes the identity transformation, then M is said to have an almost contact structure {^,£,,r]). 
A manifold M alongwith an almost contact structure is called an almost contact manifold [4]. Let be a 
semi-Riemannian metric on M such that 

g{^X,^Y)=g{X,Y)-eri{X)rj{Y), (3.4) 

where e = ±1. Then {M,g) is an {e)-almost contact metric manifold [11] equipped with an {e)-almost 
contact metric structure {(p,^,ri, g,e). In particular, if the metric g is positive definite, then an (£)-almost 
contact metric manifold is the usual almost contact metric manifold [4]. 



From (3.4), it follows that 
and 

Prom (3.3) and (3.6), we have 



g{X,ipY) = -g{ipX,Y) (3.5) 
g{X,0=srj{X). (3.6) 



.9(e,e)=e- (3.7) 
In an (e)-almost contact metric manifold, the fundamental 2-form $ is defined by 

<^{X,Y)=g{X,^Y). (3.8) 

An (e)-almost contact metric manifold with $ = djy is an {e)-contact metric manifold [47]. For e = 1 and 
g Riemannian, M is the usual contact metric manifold [4]. A contact metric manifold with ^ e N{k), is 
called a N{k)-contact metric manifold [5]. 

An (£)-almost contact metric structure {(p,£^,ri,g,e) is called an {e)-Sasakian structure if 

{Wxf)Y = g{X,Y)^-er,{Y)X, 

where V is Levi-Civita connection with respect to the metric g. A manifold endowed with an (£)-Sasakian 
structure is called an {e)-Sasakian manifold [47]. For £ = 1 and g Riemannian, M is the usual Sasakian 
manifold [41, 4]. 

An almost contact metric manifold is a Kenmotsu manifold [18] if 

{Vxv) y = givX, Y)^ - n (F) ipX. (3.9) 

By (3.9), we have 

Vx^ = X- rj{X)C (3.10) 

Almost paracontact manifolds 

Let M be an n-dimensional almost paracontact manifold [42] equipped with an almost paracontact structure 
{ip,^,r]), where (p, ^ and rj are tensor fields of type (1,1), (1,0) and (0,1), respectively; and satisfy the 
conditions 

<p2 = / - (g, ^, (3.11) 

viO = 1- (3.12) 
Let g he a semi-Riemannian metric on M such that 

g i^X, ^Y) = g {X, Y) - sri{X)n {Y) , (3.13) 
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where e = ±1. Then {M,g) is an {e)-almost paracontact metric manifold equipped with an {e)-almost 
paracontact metric structure {ip, S^,ri, g, e). In particular, if index(g() = 1, then an (e)-alniost paraeontact 
metric manifold is said to be a Lorentzian almost paracontact m,anifold. In particiilar, if the metric g is 
positive definite, then an (e)-almost paracontact metric manifold is the usual almost paracontact metric 
manifold [42]. 

The equation (3.13) is equivalent to 



where V is Levi-Civita connection with respect to the metric g. A manifold endowed with an (£)-para- 
Sasakian structure is called an (e)-para-Sasakian manifold [51]. For e = 1 and g Riemannian, M is the usual 
para-Sasakian manifold [42]. For s = —1, g Lorentzian and ^ replaced by — ^, M becomes a Lorentzian 
para-Sasakian manifold [22] . 

Example 3.2 The following are some well known examples of (iV(fc), ^)-semi- Riemannian manifolds: 

1. An Af(fc)-contact metric manifold [5] is an (A^(fc), ^)-Riemannian manifold. 

2. A Sasakian manifold [41] is an (iV(l), ^)-Riemannian manifold. 

3. A Kenmotsu manifold [18] is an (Af(— 1),^)-Riemannian manifold. 

4. An (e)-Sasakian manifold [47] an ( AT (e),^)-semi- Riemannian manifold. 

5. A para-Sasakian manifold [42] is an (A/'(— 1),^)-Riemannian manifold. 

6. An (e)-para-Sasakian manifold [51] is an (A''(— £),^)-semi-Riemannian manifold. 

In an n-dimensional (A/'(fc), ^)-semi- Riemannian manifold {M,g), it is easy to verify that 



g{X,vY)=g{^X,Y) 



(3.14) 




(3.15) 



(3.16) 



(3.17) 



R{X,Y)^ = ek{f^iY)X-7j{X)Y), 



(3.18) 



R{^,X)Y = ek{eg{X, Y)^ - rj{Y)X), 
R{^,X)^^ek{7j{X)^-X), 
R {X, Y, Z, = ek{ r, (X) g (Y, Z) - (Y) g [X, Z)), 
r, {R {X, Y) Z) = k{r, {X) g (Y, Z) - (F) g {X, Z)), 
S{X,^) = ek{n-lUX), 
Q^ = k{n-1)^, 
S{^,0=sk{n-1), 
viQX) = eg{QX, = eS{X, = k{n - l)r]{X). 



(3.19) 
(3.20) 
(3.21) 
(3.22) 
(3.23) 
(3.24) 
(3.25) 
(3.26) 



Moreover, define 



where £ = 0,1,2,... and S' 



S'iX, Y) = g{Q'X, Y) = S{Q'-'X, Y), 
g. Using (3.26) in (3.27), we get 

S^{X,^) = ek\n-lYr]{X). 



(3.27) 



(3.28) 



Now, we state the following Lemma without proof. 
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Lemma 3.3 Let M be an n- dimensional {N{k),^)-semi-Riemannian manifold. Then 

Ta{X,Y)i = i^ckao + ekin-l)a2-ea7r)TjiX)Y 
+ {skao + ek{n — l)ai + eay r) ri{Y)X 
+ a3S{X,Y)^ + ea4v{Y)QX 

+ ea5v{X)QY + k{n - l)aeg{X, Y)^, (3.29) 

%{^, X)^ = {-skao + ek{n - l)a2 - ear r)X + sa^ QX 
+ {ekao + ek{n — l)ai + ek{n — 1)03 

+ ek{n — l)a4 + ek{n — l)a^ + eay r) t]{X)^, (3.30) 

ra{^,Y)Z = {kao + k{n-l)a4 + a7r)g{Y,Z)^ 
+ ai 5 (y, Z)^ + sk{n - l)a3v{Y)Z 
+ sas v{Z)QY + sae v{Y)QZ 

+ {-ekao + sk{n - l)a2 - ea-j r)r]{Z)Y, (3.31) 

r]{Ta {X, Y)C) = ek{n - l)(ai + 03 + ^4 + a^MX^Y) 

+ ag S{X, Y) + k{n - l)aeg{X, Y), (3.32) 

Ta {X, Y, ^, V) = {-ekao + ek{n - 1)02 - ear r)r]{X)g{Y, V) 
+ {ekao + ek{n — l)oi + ea^r) r]{Y)g{X, V) 

+ £03 S{X, Y)r]{V) + eai r^{Y)S{X, V) 

+ £05 11{.X)S{Y, V) + ek{n - l)a6 g{X, Y)rj{V), (3.33) 

%,{X,^)^ = {-ekao + ek{n - l)a2 + ek{n - l)a3 

+ ek{n — l)a5 + ek{n — l)aQ — ear r} t]{X)S^ 
+ {ekao + ek{n — l)ai + £07 r)X + sa^ QX, (3.34) 

S%{X,^) = {£fc(n - l)(ao + nai + 02 + 03 + as + ae) 

+ £r(o4 + (n-l)o7)}r?(X), (3.35) 

= efc(n - l)(ao + «ai + 02 + 03 + 05 + ae) 

+ er(a4 + (n — 1)07). (3.36) 

Remark 3.4 The relations (3.18) - (3.36) are true for 

1. a A''(A;)-contact metric manifold [5] {e = 1), 

2. a Sasakian manifold [41] (A; = 1, £ = 1), 

3. a Kenmotsu manifold [18] {k = —1, e = 1), 

4. an (£)-Sasakian manifold [47] {k = e, ek = 1), 

5. a para-Sasakian manifold [42] {k = —1, e = 1), and 

6. an (£)-para-Sasakian manifold [51] {k = — e, ek = — 1). 

Even, all the relations and results of this paper will be true for the above six cases. 
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4 ^-X-flat (A^(A;), ^)-semi-Riemannian manifolds 

Definition 4.1 An n-dimensional (iV(fc), ^)-semi-Riemannian manifold {M,g) is said to be ^-'^-flat if it 
satisfies 

Ta{X,Y)^ = 0. 

In particular, if Ta is equal to i?, C„ C, £, V, V*, P, M, Wo, Wq*, Wi, W^*, W2, W3, W4, W5, We, 
W7, Ws, Wg, then it becomes ^-quasi-conformally flat, ^-conformally flat, ^-conharmonically flat, 

^-concircularly flat, ^-pseudo-projectively flat, ^-projectively flat, ^-At-flat, ^-Wo-flat, ^-Wg-flat, ^-Wi-flat, 
^Wi*-flat, ^W2-flat, ^Ws-flat, ^W4-flat, ^-Ws-flat, ^We-flat, ^Wr-flat, ^-Wg-flat, ^-Wg-flat, respectively. 

Theorem 4.2 Let M be an n-dimensional ^-%,-flat {N{k),^)-semi-Rieniannian manifold. 

1. If 04 ^ and 04 + {n — 1)07 7^ 0, then 

S = D2g + D3r]^r], (4.1) 

where 

kao + k{n - l)ai + orr , ^ 

-D2 = (4.2) 

04 

and 

kao - (n - l)k{a2 + as + 05 + ae) + arr /, o\ 

V3 = . (4.d) 

ea4 

Therefore it is an ri-Einstein manifold and 

k{n-l){aQ + nai+a2 + a3 + a5 + ae) „ / n .^ 

r = - ^ '-^ — = Di (say). (4.4) 

04 + {n— Ijar 

In particular, M becomes an Einstein manifold provided 

kao - {n- l)k{a2 + 03 + 05 + oe) + a^r = 0. 

2. If 04 = and aj ^ 0, then 

k{ao + nai+a2 + a3 + a5 + ae) .... 

r = . (4-5) 

a? 

3. If 04 = and 07 = 0, then either k = or 

ao + nai + 02 + 03 + a^ + ae = 0. (4.6) 

Proof. By (2.2) and (3.1), we get 

Ta{X,Y,^,W) = aoR{X,Y,^,W) 

+ a,S {Y, g{X, W) + 028 (X, 9iY, W) 
+ aseSiX, Y)r]{W) + a4er,{Y)S{X, W) 
+ a5er;(X)5(y, W) + ao g{X, Y)S{i, W) 

+ a,e r iv{Y)g{X, W) - v{X)g{Y, W)) . (4.7) 

Using F = ^ in (4.7), wc get 

Ta{X,^,^,W) = aoR{X,^,tW) 

+ ai 5 (e, 9{X, W) + a2S (X, ^) g{^, W) 
+ a3eS{X,0v{W)+ a4Sv{0S{X,W) 
+ a5er]{X)S{^, W) + ao g{X, 0S{^, W) 

+ arer {viOdiX, W) - v{X)g{^, W)) . (4.8) 
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Case 1. If 04 and 04 + (n - 1)07 7^ 0, then using (3.1), (3.20) (3.23) and (3.25) and the fact that M is 
^-X-fiat in (4.8), we get (4.1) and (4.4). 

Case 2. If 04 = and ^ 0, then by using (3.1), (3.20) (3.23) and (3.25) and the fact that M is ^T^-flat 

in (4.8), we get 

e {aak + {n — l)kai + ajr) g{Y, Z) = (-(n — l)A;(a2 + 03 + 05 + ae) 

+ {aok + aTr))r]{Y)r]{Z). 

Contracting the above equation, we get 

arr = -fc (ao + nai + 02 + as + 05 + 05) . (4.9) 

Since 07 ^ 0, we get (4.5). 

Case 3. If 04 = and 07 = 0, then from (4.9) either fc = or (4.6) is satisfied. This proves the result. ■ 

Theorem 4.3 Let M he an n-dimensional {N{k),S,)-semi-Riemannian manifold such that and 

a4 + {n— l)ar 7^ 0. If M satisfies (4.1), then 

Ta{X, Y)^ = {skao + ek{n - l)ai + £04.02 + earDi)r]{Y)X 

+ {—skao + ek{n — 1)02 + ea5D2 — earDi)r]{X)Y 
+ (kin - l)ae + a3D2)giX,Y)^ 

+ {a3 + a4 + a5)D3Tj{X)7j{Y)t (4.10) 

Remark 4.4 If M is ^- confer mally flat (iV(A;), ^)-semi-Riemannian manifold, then from (4.4), the scalar 
curvature r is in indeterminate form. 

Suppose that a (iV(fc), ^)-semi-Riemannian manifold is //-Einstein. Then there are functions a and P 
such that 

S{X, Y) = ag{X, Y) + Pv{X)v{Y). (4.11) 

On contracting (4.11), we get 

r = an + l3e. (4.12) 

Taking X = ^ = y in (4.11), we get 

k{n-l) = a + l3e. (4.13) 

Using (4.12) in (4.13) yields 

r = (fc + a)(n-l). (4.14) 

Theorem 4.5 Let M be an rj-Einstein {N {k) ,£)-semi-Riemannian manifold. Then 

Ta{X,Y,^,V) = e{kao + {a + P)ai+aa4 + {k + a){n-l)ar)v(Y)g{X,V) 

+ £ {-kao + (a + /3)a2 + aag - {k + a){n - 1)07) r]{X)g{Y, V) 
+ eiaa3 + ia + P)ae)v{V)giX,Y) 

+ £/3(o3 + 04 + asMXMYMV). (4.15) 

Proof. Let M be an r/-Einstein (7V(fc), ^)-semi-Riemannian manifold. Taking Z = ^ in (2.2) and the using 
(3.18), (3.23), (3.24) and (4.14), we get (4.15). ■ 

In view of Theorem 4.2, we have the following Corollaries: 

Corollary 4.6 Let M be an n-dimensional ^- quasi- conformally flat {N{k),^)-semi-Riemannian manifold 
such that ai 7^ and ao + (n — 2)ai ^ 0. Then we have the following table: 



M 


S = 


N{k)-contact metric 


k{n- l)g 


Sasakian 


{n - l)g 


Kenmotsu 


- (n - 1)5 


{e)-Sasakian 


£{n - l)g 


para- Sasakian 


- (n - 1)5 


(e) -para-Sasakian 


-e(n- l)g 
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Corollary 4.7 Let M be an n- dimensional ^-conformally flat {N{k),S,)-sem,i-Riemannian manifold. Then 
we have the following table: 



M 



N{k)-contact metric [7] 



Sasakian 



Kenmotsu 



(e) -Sasakian 



para-Sasakian 



(e ) -pa rri - Sd.sdkia n 



k ] g + [ nk 



n — 1 



1 5 



n + 



n- 1 



e \ g + e \ en 



n — 1 



II. - 1 



r] Q$r] 



II - 1 



q ^x: q 



CoroIlEiry 4.8 Let M be an n-dimensional ^-conharmonically flat {N{k),^)-semi-Riemannian manifold. 
Then we have the following table: 



M 


S = 


N{k)-contact metric 


— kg + knr] (g) rj 


Sasakian [12] 


— g -\- nr] 7] 


Kenmotsu 


g — nrj ® rj 


(e) -Sasakian 


— eg + nri ® T] 


para-Sasakian 


g — nr]®r] 


(e) -para-Sasakian 


eg — nr] <Si T] 



Corollary 4.9 Let M be an n-dimensional ^-concircularly flat {N{k),^)-semi-Riemannian manifold. Then 
we have the following table: 



M 


r = 


N{k)-contact metric 


kn{n — 1) 


Sasakian 


n(n — 1) 


Kenmotsu 


— n{n — 1) 


(e) -Sasakian 


en{n — 1) 


para-Sasakian 


— n{n — 1) 


(e) -para-Sasakian 


— en{n — 1) 



Corollary 4.10 Let M be an n-dimensional ^-pseudo-projectively flat {N(k),S,)-semi-Riemannian manifold 
such that oo + (n — l)ai ^ 0. Then we have the following table: 



M 


r = 


N{k)-contact metric 


kn{n — 1) 


Sasakian 


n{n — 1) 


Kenmotsu 


— n(n — 1) 


{e)-Sasakia,n 


en(n — 1) 


para-Sasakian 


— n{n — 1) 


(e) -para-Sasakian 


— en{n — 1) 



CorollEiry 4.11 Let M be an n-dimensional ^-A4-flat {N{k),^)-semi-Riemannian manifold. Then we have 
the following table: 



M 


S = 


N{k)-contact metric 


k{n- l)g 


Sasakian 


{n - l)g 


Kenmotsu 


- (n - 1)5 


{e)-Sasakian 


e{n - l)g 


para-Sasakian 


- (n - 1)5 


(e) -para-Sasakian 


-e(n- l)g 
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Corollary 4.12 Let M be an n- dimensional S,-yV2-flat {N (k) , -semi-Riemannian manifold. Then we have 
the following table: 



M 


S = 


N[k)-contact metric 


kin - 1)5 


Sasakian 


(n - l)g 


Kenmotsu 


-in- l)g 


(e) -Sasakian 


ein - l)g 


para-Sasakian 


- (n - 1)5 


(e) -para-Sasakian 


-e{n- l)g 



Corollary 4.13 Let M be an n-dimensional £,-W3-flat {N (k) , -semi-Riemannian manifold. Then we have 
the following table: 



M 


S = 


N{k)-contact metric 


— k{n — l)g + 2k{n — l)r] ® r] 


Sasakian 


— (n — l)g + 2{n — 1)77 (g) rj 


Kenmotsu 


(n — l)g — 2{n — 1)77 (E) rj 


(e) -Sasakian 


— s{n — l)g + 2{n — 1)t] ® rj 


para-Sasakian 


[n — l)g — 2{n — l)r] (g) r] 


(s) -para-Sasakian 


s{n — l)g — 2(n — l)r] (g) r] 



Corollary 4.14 Let M be an n-dimensional ^-Wr-flat {N (k) , ^) -semi-Riemannian manifold. Then we have 
the following table: 



M 




N{k)-contact metric 


k{n — l)r) eg) T] 


Sasakian 


(n — l)ri (g) rj 


Kenmotsu 


— (n — l)ri (g) T] 


(e) -Sasakian 


(n — 1)?7 (g 77 


para-Sasakian 


— (n — l)r] (g r] 


(e) -para-Sasakian 


— (n — 1)?7 (g T] 



Corollary 4.15 Let M be an n-dimensional ^-Wg-flat {N{k),^)-semi-Riemannian manifold. Then we have 
the following table: 



M 


S = 


N{k)-contact metric 


Hn - 1)5 


Sasakian 


(n - 1)5 


Kenmotsu 


-in- l)g 


(e)-Sasakian 


ein - l)g 


paro-Sasakion 


- in - 


{e)-p(u V - Su.-i ak i a n 


-::(n-l}<j 



Remark 4.16 For projective curvature tensor, Wo-curvature tensor, Wi-curvature tensor, We-curvature 
tensor and Wg-curvature tensor, the equation (4.6) is true. For Wg-curvature tensor, Wi-curvature tensor, 
>V4-curvature tensor and Ws-curvature tensor (4.6) do not hold. 

In view of Theorem 4.2 and Theorem 4.3 , we have the following 

Corollary 4.17 Let M be an n-dimensional {NiK),^)-semi-Riemannian manifold. Then the following 

statements are true: 

(a) For % e {C, jC}, M is ^-%-flat if and only if it is rj-Einstein. 

(b) For %€ {C*, A1, W2}, M is £,-%-flat if and only if it is Einstein. 
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5 T-recurrent manifolds 



Definition 5.1 Let T be a (1, 3)-type tensor. A semi-Riemannian manifold (M, g) is said to be T-recurrent 
if it satisfies 

{VuT)iX, Y)Z = aiU)T{X, Y)Z, (5.1) 

for some nonzero 1-form a. In particular, if T is equal to %, R, C*, C, C, V, P,, P, M, Wq, , Wi, W^, W2, 
W3, W4, W5, Wq, Wr, Ws, Wg, then it becomes '^-recurrent, recurrent, quasi-conformal recurrent, Weyl 
recurrent, conharmonic recurrent, concircular recurrent, pseudo-pro jective recurrent, projective recurrent, 
A^-recurrcnt, Wo-recurrcnt, Wo-rccurrcnt, Wi -recurrent, Wj* -recurrent, yV2-rccurrcnt, Ws-recurrent, W4- 
recurrent, Ws-recurrent, We-recurrent, Wr-recurrent, Ws-recurrent, Wg-recurrent, respectively. 

Definition 5.2 Let T be a (1, 3)-type tensor. A semi-Riemannian manifold (M, g) is said to be T-symmetric 
if it satisfies if 

VT = 0. 

In particular, if T is equal to %, R, C„ C, jC, V, V„ V, M, Wo, Wq*, Wi, W^, W2, W3, W4, W5, We, W7, Wg, 
Wg, then it becomes TJI-symmetric, symmetric, quasi-conformal symmetric, Weyl symmetric, conharmonic 
symmetric, concircular symmetric, pseudo-projective symmetric, projective symmetric, 7W-symmetric, Wq- 
symmetric, Wg-symmetric, Wi-symmetric, Wi-symmetric, W2-symmetric, Ws-symmetric, W4-symmetric, 
W5-symmetric, We-symmetric, Wy-symmetric, Wg-symmetric, Wg-symmetric, respectively. 

Definition 5.3 Let T be a (l,3)-type tensor. A semi-Riemannian manifold {M,g) is said to be T- 
semisymmetric if it satisfies if 

R{V, [/) ■ T = 0, 

where R {V, U) acts as a derivation on T. In particular, if T is equal to %, R, C», C, C, V, P,, V, M, Wo, Wq , 
Wi, Wi, W2, W3, W4, W5, We, W7, Ws, Wg, then it becomes X-semisymmetric, semisymmetric, quasi- 
conformal semisymmetric, Weyl semisymmetric, conharmonic semisymmetric, concircular semisymmet- 
ric, pseudo-projective semisymmetric, projective semisymmetric, A^-semisymmetric, Wo-semisymmetric, 
Wg-semisymmetric, Wi-semisymmetric, Wj*-scmisymmctric, W2-semisymmetric, Wa-semisymmctric, W4- 
semisymmetric, W5 -semisymmetric, We-semisymmetric, Wr-semisymmetric, Wg-semisymmetric, Wg-semi 
symmetric, respectively. 

Theorem 5.4 Let M be a semi-Riemannian manifold. If M is T-recurrent or T-symmetric then it is 
T -semisymmetric. 

Proof. Let us suppose that T 7^ and M be a T-recurrent semi-Riemannian manifold. Then using (5.1), 
we get 

VY{9{T,T)) = 2a{Y)g{T,T) 

and 

Vx Vy (.g(r, T)) = 2{Xa{Y))g{T, T) + Aa{X)a{Y)g{T, T), 

where the metric g is extended to the inner product between the tensor fields in the standard fashion [27]. 
Therefore 

= (VxVr-VyVx-V[x,y])5(T,T) 
= Ada{X,Y)g{T,T). 

Since g(T,T) ^ 0, therefore da{X,Y) = 0. Therefore the 1-form a is closed. 
Now, from (5.1) we have 

{Vv^uT){X, Y)Z = {Va{U) + a{V)a{U))T{X, Y)Z. 

Hence 

{Vv^uT -Wu^vT - Viv,u]r){X,Y)Z = 0. 

Therefore, we have Riy, U) ■ T = 0. Similarly, we can prove that if M is T-symmetric semi-Riemannian 
manifold, then it is T-semisymmetric. This proves the result. ■ 
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6 (X, 76)-semisymmetry 



It is well known that every (1,1) tensor field ^ on a difFcrcntiable manifold determines a derivation A- of the 
tensor algebra on the manifold, commuting with contractions. For example, the (1,1) tensor fields B{V,U) 
induces the derivation B{V, U)-, thus associating with a (0, s) tensor field /C, give the (0, s + 2) tensor B ■ fC. 
The condition B ■ /C is defined by 



{B-IC){Xu...,Xs,X,Y) = {B{X,Y)-IC){Xi,...,X,) 

= -ICiB{X,Y)X,,...,X,)---- 

-lC{Xu...,B{X,Y)Xs). (6.1) 



Definition 6.1 A semi-Riemannian manifold {M,g) is said to be C^, "^-semisymmetric if 



ra{X,Y)-% = 0, (6.2) 



where %{X, Y) acts as a derivation on %. In particular, it is said to be {R, '^)-semisymmetric if 



RiX,Y)-Ta = 0, (6.3) 



which, in brief, is said to be '^-semisymmetric. 



Theorem 6.2 Let M be an n- dimensional {%,%)-se'misymmetric {N{k),^)-semi-Riemannian manifold. 
Then 
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- ebo{kao + ek{n - l)ai + a'jr)R{U, V, W. X) - eaiboS{X, R{U, V)W) 
= - 2k{n - l)az{kbo + k{n - 1)64 + b7r)ri{X)r]{U)g{V, W) 

- 2k{n - l)a3{-kbo + k{n - 1)65 - brr)ri{X)ri{V)g{U, W) 
+ eaibiS'^{X, U)g{V, W) + eaib^S'^iX, V)g{U, W) 

+ saibeS^iX, W)g{U, V) - 05(61 + b3)S\X, V)r,{U)r,{W) 

- 05(61 + b2)S^{X, W)v{U)v{V) - 05(62 + b3)S^{X, U)v{V)v{W) 

- 2aebiS\V, W)r]{X)Tj{U) - 2aeb2S^{U, WHX)t]{V) 

- 2aeb3S\U, V)rjiX)rjiW) - 2k\n - l)a:,b^g{U, V)ij{X)ij{W) 

- 2 {k{n - 1)0361 + O6(fc6o + k{n - 1)64 + hr)) tj{X)tj{U)S{V, W) 

- 2 {k{n - 1)0362 + 06(-fc6o + k{n - 1)65 - 67r)) tj{X)tj{V)S{U, W) 

- 2k{n - l)(a363 + aeb6)S{U, V)r]{X)r]{W) 

+ s{b4{kao + k{n - 1)04 + ajr) - Oi(fc6o + k{n - l)bi))S{X, U)g{V, W) 
+ s{b5ikao + k{n - 1)04 + oyr) - oi(-fc6o + k{n - l)b5))S{X, V)g{U, W) 
+ sbeikao + k{n - l)(o4 - Oi) + ajr)S{X, W)g{U, V) 

- e{kbo + k{n - l)bi){kaQ + k{n - 1)04 + a'jr)g{X, U)g{V, W) 

- £{-kbo + k{n - l)65)(fcoo + k{n - 1)04 + arr)g{U, W)g{X, V) 

- ek{n - l)66(fcao + k{n - 1)04 + arr)g{X, W)g{U, V) 

- k{n — 1) ((62 + 63)(fcao + k{n — 1)04 + oyr) 

+ (02 + cH){-kbo + kin - 1)(65 + 66) - brr))g{X,U)r]{V)r]{W) 

- k{n — 1) ((61 + b3){kao + k{n — 1)04 + oyr) 

+ (02 + 04)(A:6o + k{n - 1)(64 + 65) + b^r)) g{X, V)ti{U)ti{W) 

- ((61 + 63)(-A:oo + k{n - l)(oi + 02) - oyr) 

+ (oi + a5)(fc6o + k{n - 1)(64 + 66) + b^r)) S{X, V)r]{U)r]{W) 

- ((62 + 63)(-fcao + k{n - l)(ai + 02) - a-^r) 

+ (oi + 05)(A:6o + k{n - 1)(65 + 65) + b,r)) S{X, U)r){V)ii{W) 

- ((61 + 62)(-A:oo + k{n - l)(oi + 02) - oyr) 

+ k{n - 1)(64 + 65)(oi + 05)) S{X, W)'n{U)r^{V) 

- k{n - 1) {k{n - 1)(64 + 65) (02 + 04) 

+ (61 + 62)(fcoo + k{n - 1)04 + arr)) g{X, W)'n{U)r]{V). (6.4) 



In particular, if M is an n- dimensional {%,%)-semisymmetric {N{k),^)-semi-Riemannian manifold, then 
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- saoikao + sk{n - l)a4 + a'jr)R{U, V, W, X) - eaoai5(X, R{U, V)W) 
= - 2k{n - l)a3{kao + k{n - 1)04 + a7r)r]{X)r]{U)g{V, W) 

- 2k{n - l)a3{-kao + k{n - 1)05 - a7r)r]{X)r]{V)g{U, W) 
+ eaia^S^iX, U)g{V, W) + emaaS'^iX, V)g{U, W) 

+ saiaeS\X, W)g{U,V) - a^iai + a3)S^{X, V)7^iUMW) 

- a^iai + a2)S^{X, W)7]{U)7]{V) - 05(^2 + a3)^'(^, U)7j{V)tj{W) 

- 2aia6S^V, W)r]{X)7]{U) - 2a2aeS^{U, W)T]{X)r]iV) 

- 2asaeS\U, V)'n{X)r]{W) - 2k''{n - l)a3aeg{U, V)'n{X)r]{W) 

- 2 {k{n - l)aia3 + aeikao + k{n - 1)04 + arr)) r]{X)'n{U)S{V, W) 

- 2 {k{n - 1)0203 + aei-kao + k{n - 1)05 - arr)) r]{X)r]{V)S{U, W) 

- 2k{n - I)(a3a3 + aea(i)S{U, V)r]{X)r]{W) 

+ e{a4{kao + k{n - 1)04 + arr) - ai{kao + k{n - l)a4))S'(X, U)g{V,W) 
+ e{a5{kao + k{n - 1)04 + a^r) - ai{-kao + k{n - l)a5))S{X, V)g{U, W) 
+ ea6{kao + k{n - l)(a4 - ai) + a7r)S{X, W)g{U, V) 

- e{kao + k{n — l)a4){kao + k{n — 1)04 + arr)g{X, U)g{V, W) 

- e{-kao + k{n - l)a5)(fcao + k{n - 1)04 + arr)g{U, W)g{X, V) 

- ek{n - l)ae{kaQ + k{n - l)a4 + a-7r)g{X, W)g{U, V) 

- k{n - 1) ((02 + a3)(fcao + k{n - 1)04 + ajr) 

+ (02 + a4)i-kao + k{n - l)(a5 + as) - arr)) g{X, U)T](y)r]{W) 

- k{n — 1) ((oi + a3){kao + k{n — 1)04 + arr) 

+ (a2 + a4){kao + k{n - l)(a4 + ae) + arr)) g{X, V)r]{U)r]{W) 

- ((oi + a:i){-kaQ + k{n - l)(ai + 02) - arr) 

+ (ai + a:,){kaa + k{n - l)(a4 + ae) + arr)) S{X, V)T]{U)r]{W) 

- ((a2 + a3){-kao + k{n - l)(ai + 02) - arr) 

+ (ai + a5){kao + k{n - l)(a5 + ag) + arr)) S{X, U)r](y)ri{W) 

- ((ai + a2){-kao + k{n - l)(ai + 02) - arr) 

+ k{n - l)(a4 + a5)(ai + ag)) S{X, W)r}{U)v{V) 

- k{n - 1) {k{r}, - l)(a4 + a5)(a2 + 04) 

+ («! + a2){kao + k{n - 1)04 + arr)) g{X, W)r]{U)r]{V). 



Proof. Let M be an n-dimensional (X, '76)-seniisymnietric (A''(A;), ^)-semi-Rienianman manifold. Then 



X), %{U, V)] W - X)U, V)W - %{U, X)V)W = 0, 



{Ta{Z,X)-%){U,V)W = 0. 



(6.5) 



Taking Z = ^ in (6.5), we get 



{Ta{^,X).%){U,V)W = Q 



which gives 



that is. 



= Tait X)%{U, V)W - %{Ta{^, X)U, V)W 

- Tb{u, Tait x)v)w - %{u, v)ra{^, x)w. 



(6.6) 



Taking the inner product of (6.6) with ^, we get 



= Taii, X, %{u, v)w, - W(e, X)U, V, w, 

- %{U, TaiC, X)V, W, - %{U, V, Ta{^, X)W, 0- 



(6.7) 



By using (3.29),. . . ,(3.34) in (6.7), we get (6.4). ■ 
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Theorem 6.3 Let M he an n-dimensional {%,%)-semisymmetric {N{k),S,)-semi-Riemannian manifold. 
Then 

e {as&o + nar^bi + 0562 + 05^6 + 05^3 + 05^5} S'^{V, W) 
= {{{nbi + b2 + + + be + bo){skao + sbrr) 

- ek{n - l)(2a566 + 0263 + aibe + aibs + 0165 

+ aibi + aib2 + 02^2 + a^be + na^bi + aibo + 02^0)} 
— e{n — l)ai&7r — ena^b-jr — eb^artr — eaib4r)S(y, W) 
+ {—ek{n - l){nbi + 62 + 63 + &5 + &6 + ba){a7r + kao + k{n - 1)04) 

- ek{n — l)r((n — 1)6702 + (n — 1)6704 + 0264 + 0464)} g{V, W) 

+ (ai + 02 + 2a3 + 04 + 05 + 2ae) {-k^{n - l)^(n6i + 62 + 63 + 65 + 65 + 60) 

- k{n - ifbrr - k{n - l)64r} r?(F)r?(W). (6.8) 

In particular, if M is an n-dimensional {%,%)-semisyrametric {N{k),£,)-semi-Riemannian manifold, then 

e {asao + nasai + 0502 + a^a^ + 0503 + 05} S'^{y, W) 
= ({(nai + 02 + 03 + 05 + ae + ao)(efcao + £a7r) 

— ek{n — l)(2a5ae + 0203 + aia^ + 0103 + 0105 

+ a\ + aia2 + + 0206 + naia^ + a^ai + 0002)} 
— e{n — l)aia7r — ena^ajr — ea^a^r — £aia4T)S{y, W) 
+ {-£k{n — l){nai + a2 + 03 + as + oe + ao){a7r + kao + k{n — 1)04) 

— £k{n — l)r((n — 1)0207 + (n — 1)0407 + 0204 + 04)} g{y, W) 

+ (oi + 02 + 203 + 04 + 05 + 2o6) {-fc^(n - l)^(noi + 02 + 03 + 05 + oe + oq) 

— k{n - ifa-jr - k{n - l)a4r} r]{V)ri{W). 

Proof. By contracting (6.4) wc get (6.8). ■ 
From Theorem 6.2, we get 

Theorem 6.4 Let M be an n-dimensional %-semisymmetric {N {k) , £)-semi-Riemannian manifold. Then 

-eaokR{U, V, W, X) = eka^SiX, U)g{V, W) + eka^SiX, V)g{U, W) 

+ £kaeS{X, W)g{U, V) - ek^n - l)aegiX, W)g{U, V) 

- ek{kao + k{n - 1)04)5(1^, W)g{X, U) 

- ek{-kao + k{n - l)a5)g{U, W)g{X, V) 

- e{n - l)(o2 + 03)5(^, U)r]{V)r]{W) 

- k\n - l)(ai + a3)5(^, V)ri{U)Ti{W) 

- fc2(n - l)(ai + 02)5(^, W)ii{U)iq{V) 
+ k{a2 + a:i)S{X,U)i^{V)fi{W) 

+ fc(oi + 03)5(X, V)rj{U)ri{W) 

+ k{ar + a2)S{X,W)r,{U)r]{V). (6.9) 

Theorem 6.5 Let M be an n-dimensional %-semisymmetric {N{k),^)-semi-Riemannian manifold such 
that oo + 05 + Oe 7^ 0. Then 

(a) 

S{V, W) = Big{V, W) + B2v{V)v{W) (6.10) 
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and 



-aoR{U, V, W, X) = {aiBi - kao - k{n - 1)04) g{X, U)g{V, W) 

+ {a^Bi + kao - kin - 1)05) g{X, V)g{U, W) 
+ {aeBi - k{n - l)ae) g{X, W)g{U, V) 
+ s{a2 + as) (Si - k{n - 1)) g{X, U)rj{V)ri{W) 
+ e(ai + as) (Bi - k{n - 1)) giX, V)rjiU)rjiW) 
+ £(ai + as) (Bi - k{n - 1)) g{X, W)7j{U)v{V) 
+ 2eB2{a, + 02 + a:,HX)7]{U)v{V)v{W) 
+ a4B2g{V,W)7j{X)f^{U) 
+ a5B2g{U,W)7j{X)7j{V) 

+ aeB2g{U,V)v{X)n{W), (6.11) 

where 

a^r — n{kao + k{n — 1)04) — {—kao + k{n — l)a5) — k{n — l)aQ 

Bi = , 

ao + as + ae 

ek{a2 + a3){r - n{n - l)k) 

i>2 = • 

ao + as + ae 

(b) //'ao + a2 + a3 + na4 + a5 + a6 ^ 0, then it is an Einstein manifold and a manifold of constant curvature 
k. 

Proof. Let M be an n- dimensional X-semisymmetric (A''(fc), ^)-semi-Riemannian manifold such that ao + 
as + ae 7^ 0. 

Case (a). Contracting (6.9), we get (6.10). 

Case (b). Let ao + a2 + as + na4 + as + ae ^ 0, then contracting (6.10), we get 

r = fcn(n-l). (6.12) 
Since ao + as + ae 9^ 0, then by (6.9) and (6.12) we get 

S{V, W) = k{n - l)g{V, W). (6.13) 

Using (6.13) and (6.12) in (6.9), we get 

R{U, V, W,X) = k {g{V, W)g{X, U) - g{U, W)g{X, V)), (6.14) 

which proves the result. ■ 

In view of Theorem 6.5, we have the following 

Corollary 6.6 Let M be an n-dimensional %-semisymmetric {N{k),^)-semi-Riemannian manifold such 
that 

Ta e {i?, V, M, Wo, Wo*, Wi, Wr, Ws, . . . , Ws} 
Then we have the following two tables: 



M 


S = 


N{k)-contact metric 


k{n - l)g 


Sasakian 


(n - 1)5 


Kenmotsu 


- (n - l)g 


{e)-Sasakian 


e(n - l)g 


paru-Sasakuiii 


- [n - l)g 


(e) -para- Sasakian 


-e{n- l)g 
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M 




N{k)-contact metric 


k{g{Y,Z)X-g{X, Z)Y) 


Sasakian 


g{Y,Z)X-g{X.^Z)Y 


Kenmotsu 


- {g{Y,Z)X-g{X,Z)Y) 


{e)-Sasakian 


e{g{Y,Z)X-g{X,Z)Y) 


para- Sasakian 


- {g{Y, Z)X - g{X, Z)Y) 


(e) -para- Sasakian 


-e{g{Y,Z)X-g{X,Z)Y) 



Corollary 6.7 Let M he an n- dimensional quasi- conformal semisymmetric {N{k),^)-semi-Riemannian 
manifold such that ao — ai ^ and ao + (n — 2)ai 7^ 0. Then we have the following two tables: 



M 


S = 


N{k)-contact metric 


k{n- l)g 


Sasakian [9] 


(n - 1)5 


Kenmotsu 


- (n - 1)5 


{e) -Sasakian 


e{n - l)g 


para-Sasakian 


-in- l)g 


(e) -para-Sasakian 


-e{n- l)g 



M 


R{X, Y)Z = 


N{k)-contact metric 


k{g{Y,Z)X-g{X,Z)Y) 


Sasakian 


g(Y,Z)X-g{X, Z)Y 


Kenmotsu 


- {g(Y. Z)X-g(X. Z)Y) 


{:)-Sa,'i(i:ki.un 


z[,,{Y,Z)X-,,[X.Z)Y) 


para-Sasakian 


- {g{Y,Z)X-g{X,Z)Y) 


(e) -para-Sasakian 


-e{g{Y,Z)X-g{X,Z)Y) 



Corollary 6.8 Let M be an n-dimensional pseudo-projective semisymmetric {N{k),^)-semi-Riemannian 
manifold such that ao ^ and ao — ai ^0. Then we have the following two tables: 



M 


S = 


N{k)-contact metric 


kin - 1)5 


Sasakian 


[n - 1)5 


Kenmotsu 


-in- l)g 


{e) -Sasakian 


s{n- l)g 


para-Sasakian 


- (n - l)g 


(e) -para-Sasakian 


-e{n- l)g 



M 


R{X, Y)Z = 


N{k)-contact metric 


k{g{Y,Z)X-g{X,Z)Y) 


Sasakian 


g{Y,Z)X-g{X, Z)Y 


Kenmotsu 


- {g{Y,Z)X-g{X,Z)Y) 


(e) -Sasakian 


e{g{Y,Z)X-g{X,Z)Y) 


para-Sasakian 


- {g{Y, Z)X - g{X, Z)Y) 


(e) -para-Sasakian 


-e{g{Y,Z)X-g{X,Z)Y) 



Here, we give the well known results of Okumura [28] and Koufogiorgos [19]. 

Theorem 6.9 [28, Lemma 2.2] // an n-dimensional Sasakian manifold is conformally flat, then the scalar 
curvature has a positive constant value n{n — 1). 

Theorem 6.10 [19, Corollary 3.3] Let M be an rj-Einstein contact metric manifold of dimension 2m+l > 5. 
If ^ belongs to the k-nullity distribution, then k = 1 and the structure is Sasakian. 
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Corollary 6.11 Let M be an n- dimensional Weyl-semisymmetric {N{k),S,)-semi-Riem,annian manifold. 
Then we have the following two tables: 



M 


S = 


N{k)-contact metric 


k{n - l)g 


Sasakian 


(n - l)g 


Kciiinot.'iii 


- (" - 1).'/ 


{e)-Sasakian 


e{n - l)g 


para-Sasakian [49] 


- (n - l)g 


(e) -para-Sasakian 


-s{n- l)g 



M 


R(X, Y)Z = 


N{k)-contact metric 


k{g{Y,Z)X-g{X, Z)Y) 


Sasakian [6] 


g{Y,Z)X-g{X,Z)Y 


Kenmotsu 


- {g{Y,Z)X-g{X,Z)Y) 


(e) -Sasakian 


e{g{Y,Z)X-g{X,Z)Y) 


para-Sasakian 


- {g{Y, Z)X - g{X, Z)Y) 


(e) -para-Sasakian 


~e{g{Y,Z)X-g{X,Z)Y) 



Proof. By putting the value for confornial curvature tensor in (6.10), we get 

5= ^^^-^ -fc^5 + £A;^n/c- ^^-^^ ?7(8)7?. (6.15) 

Case 1. Let k^l. Contracting (6.15), we get 

r = kn{n — 1), k ^ 1. 

Using the value of r in (6.15), we get 

S = k{n-l)g. 

Using this in (6.11), we get 

i?(X, Y)Z = k {g(Y., Z)X - g(X, Z)Y) . 

Case 2. Let fc = 1. By putting the value for conformal curvature tensor in (6.11), we get C = 0. Then 
using the result of [28] and [19], we get r = n(n — 1). ■ 

Corollary 6.12 Let M be an n- dimensional conharmonic semisymmetric {N{k),^)-semi-Riemannian man- 
ifold. Then we have the following two tables: 



M 


S = 


N{k)-contact metric 


k{n — l)g 


Sasakian 


(n-1 ')^+(" n-l)'^®'^ 


Kenmotsu 


- (n - 1)5 


(e) -Sasakian 


s{n - l)g 


para-Sasakian 


-(n- \)g 


it) -para -Sasakian 


-e{n - l)r/ 



M 


R{X,Y)Z = 


N{k)-contact metric 


k{g{Y,Z)X-giX, Z)Y) 


Sasakian 


^\^[j_^-2)igiY.Z)X-giX,Z)Y) 

+ ("^ ~ iv{yHZ)x - v{XUZ)Y 

+ g{Y,ZMX)^-giX,ZUY)0 


Kenmotsu 


- {g{Y, Z)X - giX, Z)Y) 


(e) -Sasakian 


e{g{Y,Z)X-g{X,Z)Y) 


para-Sasakian 


- {g{Y,Z)X-g{X,Z)Y) 


(e) -para-Sasakian 


-e{g{Y,Z)X-g{X,Z)Y) 
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Proof. By putting the value for conharmonic curvature tensor in (6.10), we get 



— — k] q + ek ( nk 
n-1 \ 



n-1 



(6.16) 



Let k ^ 1. Contracting (6.16), we get 



Using the value of r in (6.16), we get 
Using this in (6.11), we get 



r = kn{n — 1), k ^ 1. 

S = k{n-l)g. 

R{X, Y)Z = k {g(Y, Z)X - g{X, Z)Y) . 



Corollary 6.13 Let M he an n- dimensional W^semisymmetric {N{k),^)-semi-Riemannian manifold. If 
M is one of N{k)- contact metric manifold, Sasakian manifold, Kenmotsu manifold, {e)-Sasakian manifold, 
para-Sasakian manifold or {e)-para-Sasakian manifold, then 



r 

S=-g 
n 



and 



R{X, Y)Z = 



{g{Y,Z)X-g{X,Z)Y). 



n{n — 1) 

Proof. By putting the values for W2-curvature tensor in (6.10) and (6.11), we get the result. ■ 

Corollary 6.14 Let M be an n-dimensional Wg-semisymmetric {N{k),^)-semi-Riemannian manifold. Then 
we have the following two tables: 



M 


S = 


N{k)-contact metric 


k{n — l)g 


Sasakian 


(n-1 ^)^+(" n-l)^^^ 


Kenmotsu 


- (n - l)g 


{e) -Sasakian 


s{n - l)g 


para-Sasakian 


- (n - l)g 


(e) -para-Sasakian 


-e{n- l)g 



M 



N{k)-contact metric 



Sasakian 



Kenmotsu 



(e) -Sasakian 



para-Sasakian 



(s) -para-Sasakian 



R{X,Y)Z 



k{g{Y,Z)X-g{X, Z)Y) 



n — 1 \ n — 1 
1 



n — 1 
2 

n — 1 
1 

n — 1 



n — 



-l\ {g{Y,Z)X-g{X,Z)Y) 

' {rj{Y)rt{Z)X + rt{X)rt{Z)Y) 

rj(X)7j{Y)f^{Z)^ 
g{Y,ZUX)^ 



n-1 
r 

n-1 
r 



n — 1 



{g{Y, Z)X - giX, Z)Y) 



e{g{Y,Z)X-g{X,Z)Y) 



{g{Y,Z)X-g{X,Z)Y) 



-e{g{Y,Z)X-g{X,Z)Y) 



Proof. By putting the value for Wg-curvature tensor in (6.10), we get 

S ■ 



n-1 



k] g-\- ek ynk 



n-1 



T] Q^ri. 



(6.17) 
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Let fc 7^ 1. Contracting (6.17), we get 



r = kn{n — 1), fc 7^ 1. 

Using the value of r in (6.17), we get 

S = k{n-l)g. 

Using this in (6.11), we get 

R{X, Y)Z = k {g{Y, Z)X - g{X, Z)Y) . 

Remark 6.15 By Theorem 5.4, we conclude that the same results hold if the condition of TJ^-semisymmetric 
is replaced by "^-recurrent or "^-symmetric. 

Remark 6.16 Some of the results related to the above Corollaries have been proved by authors Miyazawa 
and Yamaguchi ([23], [26]), Mishra [24], Adati and Matsumoto [1], Sato and Matsumoto [43], Adati and 
Miyazawa [2], Maralabhavi [21], Ojha [29], Dc and Ghosh [8], Rahman [40], Ghosh and Sharma [15], Mishra 
and Ojha [25], Tarafdar and Sengupta [50], Blair et al. [5], Jun et al. [17], Ozgiir and De [32], Tripathi et 
al. [51]. 

Remark 6.17 There are 400 combinations of derivations for the 20 curvature tensors mentioned as par- 
ticular cases in Definition 2.1. Here, we discussed the results for 6 diff^erent structures for each derivation 
condition. So there are total 2400 results for different structures and curvature tensors. Out of these 2400 
cases, we have discussed only 120 cases in this paper. The remaining 2280 cases can be obtained by putting 
the appropriate value for the curvature tensors, e and k in (6.4) and (6.8). Out of the remaining 2280 cases, 
some are mentioned below. 

Corollary 6.18 [16] A {2m + 1)- dimensional KenwMsu wMnifold M satisfies V{£,,X) ■ R = if and only 
if M is either of constant scalar curvature or of constant curvature —1. 

Corollary 6.19 [16] A (2m + 1)- dimensional Kenmotsu manifold M satisfies V(^,X) • V = i/ and only 

if M is either of constant scalar curvature or of constant curvature —1. 

CoroUciry 6.20 [33] An n-dimensional para-Sasakian manifold M satisfies V{^,X) ■V = Oif and only if 
either the scalar curvature r of M is r = n(l — n) or M is locally isometric to the Hyperbolic space ff"(— 1). 

Corollary 6.21 [33] An n-dimensional para-Sasakian manifold M satisfies V(^, X) ■ R = if and only if 
either M is locally isometric to the Hyperbolic space J?"(— 1) or M has constant scalar curvature r = n{l — n). 

Corollary 6.22 [33] An n-dimensional para-Sasakian manifold M satisfies V{^,X) ■ C = if and only 
if either M has scalar curvature r = n(l — n) or M is conformally flat, in which case M is a special 
para-Sasakian manifold. 

Corollary 6.23 [5] A (2m + 1) -dimensional N{k)-contact metric manifold M satisfies V{£,,X) ■ V = «/ 
and only if M is locally isometric to the sphere S'^"^^^{1) or M is dimensional and flat. 

Corollary 6.24 [5] A (2m + 1)- dimensional N{k)-contact metric manifold M satisfies V{£,,X) ■ R = if 
and only if M is locally isometric to the sphere S'^'"+^(l) or M is dimensional and flat. 

Theorem 6.25 Let M he an n-dimensional %-semisymmetric {N{k), ^)-semi-Riemannian manifold such 
that ao + 05 + ag 7^ and 

ao + ^2 + as + na4, + 05 + ae 7^ 0, 
then M is %-flat if either A; = or k ^0 and 

do + ai(n — 1) + 04(77, — 1) + a'jn(n — 1) = 0, 

— ao + a2{n — 1) + a^{n — 1) — arn{n — 1) = 0, 
a3 + ae = 0. 
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Theorem 6.26 Let M be an n- dimensional (N(k),^)-semi-Riemannian manifold of constant curvature k 
and 

oo + ai(n — 1) + 04 (n — 1) + a-in{n — 1) = 0, 
— ao + a2{n — 1) + 05(72 — 1) — aYn{n — 1) = 0, 
as + ae = 0, 

then it is %-semisymmetric. 

Corollary 6.27 Let M he an {N{k),^)-semi-Riemannian manifold such that 

Ta & {C,,C,V,r.,V,M,Wo,WlW2} . 
Then it is %-semisymmetric if and only if it is a manifold of constant curvature k. 

Theorem 6.28 Let M be %-semisymmetric {N{k), £)-semi-Riemannian manifold such that ao + as + ae 7^ 
and 

ao + ^2 + as + rittA, + 05 + ae ^ 0, 

then M is %- conservative. 

Proof. Using (6.13) and (6.12) in (2.3), we get div % ^ 0. M 

Example 6.29 [20] Let M be an n-dimensional N{k)-contact metric manifold. If the (p-sectional curvature 
of any point of M is independent of the choice of if-section at the point, then it is constant on M and the 
curvature tensor is given by 

AR{X,Y)Z = {c + 3){g{Y,Z)X - g{X,Z)Y) 

+(c + 3 - 4:k){ri{X)rj{Z)Y - Tj{Y)r]{Z)X 

+g{X,ZUY)C-g(YZ)7j{X)0 

+(c - l){2g{X, ^Y)^Z + g{X, ^Z)^Y 

-g{Y,ipZ)^X), (6.18) 

where c is the constant ip-sectional curvature. 
Contracting (6.18), we get 

4SiY, Z) = Eig{Y, Z) - E2viY)v{Z), (6.19) 

where 

Ei = {n-l){c + 3) - ic + 3- 4fc) + 3(c - 1) 

and 

E2 = {n-2){c + 3~ Ak) + 3(c - 1). 

Consider a %-semisymmetric N{k)-contact metric manifold M with constant ip-sectional curvature c such 
that 

% e {i?,C*,C,AV,P*,P,X,>Vo,Wo*,Wi,Wi*,W3,...,W9}, 
then by Corollaries 6.6, 6.7, 6.8, 6.11, 6.12 and 6.14, we have 

S = k{n-l)g. (6.20) 

By (6.19) and (6.20), we get 

E,g{Y, Z) - E2v{Y)n{Z) = 4k{n - l)g{Y, Z) 
Contracting above equation, we get 

Ein-E2 =4fcn(n-l). 

By using the value of Ei and E2, we get 

Akn^ - Unk - Sn^ + 8fc + 12n - 9 



c = 



n2-l 



If M is a W2-semisymmetric N{k)-contact metric manifold of constant ip-sectional curvature c, then by 
using Corollary 6.13, we have 

4r - Snk - Sn^ + 8fc + 12n - 9 
C = 7^ : . 
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7 (X, 5'7;)-semisymmetry 

Definition 7.1 A semi-Riemannian manifold is said to be (7^^, <S'7-(,)-semisyinmetric if 

Ta{V,U) ■ Sr, = 0. (7.1) 

In particular, it is said to be S')-semisymnietric or, in short, %-Ricci-semisyTnTnetric if it satisfies 

ra{V,U)-S = 0, (7.2) 

where %, {V, U) acts as a derivation on S. In particular, if in (7.2), % is equal to R, C*, C, £, V, P*, V, M, 
Wo, Wo> Wi, Wi*, W2, W3, W4, W5, We, W7, Ws, Wg, then it becomes Ricci-semisymmetric [2], C*-Ricci- 
semisymmetric, C- Ricci-semisymmetric (or, Weyl Ricci-semisymmetric [31]), £- Ricci-semisymmetric, V- 
Ricci-semisymmetric (concircular Ricci-semisymmetric [16]), 7^*-Ricci-semisymmetric, 'P-Ricci-semisymmetric, 
AI-Ricci-semisymmetric, Wo-Ricci-semisymmetric, Wg-Ricci-semisymmetric, Wi-Ricci-semisymmetric, Wj*- 
Ricci-semisymmetric, W2-Ricci-semisymmetric, Wa-Ricci-semisymmetric, W4-Ricci-semisymmetric, Ws-Ricci- 
semisymmetric, We-Ricci-semisymmetric, Wy-Ricci-semisymmetric, Wg-Ricci-semisymmetric, Wg-Ricci-semisymmetric, 
respectively. 

Lemma 7.2 Let M he an n- dimensional {%,Sji)-semisymmetric {N{k),^)- semi-Riemannian manifold. 
Then 

= ea5{ba+nh + b2 + b3 + b5 + h)S'^{Y,U) 
+ {eibo + nbi 62 63 + &5 + ^'6)x 
{—kao + k{n — l)ai + kin — 1)02 — ayr) 

+ e{ai + a^){hir + {n - l)b^r)} S{Y, U) 
+ {£k{n — l)(a2 -I- a4)(bir -\- {n— l)b7r) 

+ ek{n - l)(6o + n&i + 62 + 63 + 65 + ^e) x 
(fcoo + k{n — 1)04 + ayr)} g{Y, U) 
+ k{n - l)(ai + 02 + 2a3 + 04 + as + x 
{{b^r ^{n- \)b-!T) 

+ k{n - l)(6o + nfei + &2 + &3 + &5 + &6)} n{y)n{U). (7.3) 
In particular, if M is {%, Sj-^)-semisymmetric {N{k),^)-semi-Riemannian manifold, then 
= ea^iao + nai + 02 + as + a5 + a6)S'^{Y,U) 
+ {e{ao + nai + 02 + as + ^5 + oe) x 
(— fcao + k{n — l)ai + k{n — l)a2 — a-jr) 

+ e(ai + az){air + {n - \)a^r)} S{Y, U) 
+ {ek{n — l)(a2 + a4)(a4r + [n — l)a7r) 

-I- ek{n — l)(ao -I- nai -1-02+03-1-05-1- ae) x 
{kao + k{n — 1)04 -|- ayr)} g{Y, U) 
+ k{n - l)(ai + 02 + 2a3 + 04 + 05 + 2a6) x 
{(a4r + (n - l)o7r) 

+ k{n - l)(ao + nai + 02 + 03 + as + ae)} r]{Y)rj{U). (7.4) 
Proof. Let M be an n-dimensional C^, S'7^)-semisymmetric (A''(/;;), ^)-semi-Riemannian manifold. Then 

{Ta{X,Y).ST,){U,V) = 0. (7.5) 

Taking X = ^ = V in (7.5), we get 

{Ta{^,Y)-Sr,){U,O = 0, 

which gives 

S%{Ta{^,Y)U,0 + SrdU,Ta{^,Y)0 = 0. (7.6) 
Using (3.1), (3.23), (3.30), (3.31), (3.35) and (3.36) in (7.6), we get (7.3). ■ 
By Lemma 7.2, we have the following 
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Theorem 7.3 Let M be a {R, Sj-^)-semisymmetric {N (k) . S,) -semi-Riemannian manifold sueh that 

oo + nai + 02 + as + as + ae 7^ 0. 

Then 

S{X,Y) = k{n-l)g{X,Y). 
Theorem 7.4 An Einstein manifold is {R, ST^)-semisymmetric. 
Proof. Let M be an Einstein manifold. Then we have 

S{X,Y)=d^g{X,Y), 

where di is smooth function on the manifold. By (2.4), we have 

S%{X,Y) = di{ao+nai+a2 + az+nai + a5 + aQ + n{n-l)a7)g{X,Y) 
= d2g{X,Y), 

where 

d2 = di{aQ + nai + a2 + as + na^ + as + ag + n{n — l)a7). 
Then by condition Y) ■ SrJ{U, V) and (7.7), we get 

-Sr^ {R{X, Y)U, V) - St^ (U, R{X, Y)V) = 0. 

Hence this proves the result. ■ 

Theorem 7.5 Let M he an Einstein manifold such that 

e {ii, C„ C, A V, Wo, Wo*, W3} . 

Then it is %-Ricci-semisymmetric. 

Proof. Let M be an Einstein manifold such that 

Ta e {R, C.,C, C, V, M, Wo, Wo*, Ws} . 

Then we have 

S = ag, 

where a is smooth function on the manifold M. Using condition {%,{X, Y) ■ S){U, V) and (7.8), we 

-S{Ta{X, Y)U, V) - S{U, Ta{X, Y)V) = 0. 

Hence this proves the result. ■ 

By Lemma 7.2, we have the following 

Theorem 7.6 Let M he a %-Ricci-semisymmetric (N{k),£^)-semi-Riemannian manifold. Then 

ea5 {X, Y) = E S{X, Y) + Fg{X, Y) + Gv{X)r, (Y) , 

where 

E = {ekao + sarr — ek{n — l)ai — sk{n — l)a2), 

F = —ek{n — l)(fcao + k{n — l)a4 + ayr), 
G = -k'^in - lf{ai + a2 + 2a3 + a4 + as + 2a6). 
In particular, if = E, then M is T]-Einstein manifold. 

In view of Theorem 7.6, we have the following 
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Corollary 7.7 Let M he ann-dimensional Ricci-semisymmetric {N{k),S,)-semi-Riemannia Then 
we have the following table: 



M 


S = 


N{k)-contact metric [35] 


k{n - l)g 


Sasakian [35] 


(n - l)g 


Kenmotsu [16] 


-(n~ \)g 


(s) -Sasakian 


e{n — l)g 


para-Sasakian ([2], [34], [44]) 


-(n- l)g 


{e)-para-Sasakian [51] 


— e{n — l)g 



Corollary 7.8 Let M be an n-dimensional C^.-Ricci-semisymmetric {N {k),^)-semi-Riem,annian manifold. 
Then we have the following table: 



M 



N{k)-contact metric 



+fc(n- 1) k 



n{n — 1)7 oi 
r 



oo 2r 

n 



n{n — 1) 



hfc(n- 1) \g 

oi n J 



Sasakian 



1 - 
+ 1) 



n[n — I) J ai n J 

I--, -M + n-1 -- 

n[n — 1) / a\ n 



oi n J 

— — + (n - 1) + — 

nyn — 1} J ai n 



Kenmotsu 



1 + 



n(n — 1) 
+(11-1)^^1 



(s) -Sasakian 



er 



+£(n- 1) 



ao 2er 
n(n — 1)7 ai n 



. ix , — + 1) 5 

n(n — 1) / ai n ' 



para-Sasakian 



ao 2r 
n(n — l)y ai n 



+ (n-l) 1 + 



^ IX ;— + ("-!) + — 

n(n — 1) / ai n 



a_o^2srS- 



(e) -para-Sasakian 



1 + 



n{n — 1)/ oi n / 



+e(n- 1) e 



n(n — I) J ai n 



Corollary 7.9 Let M be an n-dimensional C-Ricci-semisymmetric {N{k),^)-semi-Riemannian manifold. 
Then we have the following table: 



M 



N{k)-contact metric 



n- 1 



k{n-2) ] S - k{r - {n - l)k)g 



Sasakian 



— + (n-2)j5-(r-(n-l))5 



Kenmotsu 



n-1 



- {n -2)]S+{r + {n- l))g 



{e) -Sasakian 



n — 1 



+ e(n - 2) 5 - s{r - (n - l)e)g 



para-Sasakian [31] 



n-1 



-(n-2) 5+(r + (n-l))5 



(e) -para-Sasakian 



n-1 



e{n-2)] S-\- e{r + (n - l)e)g 
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Corollary 7.10 Let M be an n- dimensional C-Ricci-semisymmetric {N (k) , S,)-semi-Riemannian manifold. 
Then we have the following table: 



M 


S'' = 


N{k)-contact metric 


k{n-2)S + k'^{n-l)g 


Sasakian 


{n-2)S+{n-l)g 


Kenmotsu 


-{n-2)S + {n- l)g 


(e) -Sasakian 


s{n-2)S +{n-l)g 


para-Sasakian 


-{n~2)S+{n-l)g 


(e) -para-Sasakian 


-e{n-2)S+{n-l)g 



Corollary 7.11 Let M be an n-dimensional V-Ricci-semisymmetric {N{k),^)-semi-Riemannian manifold. 
Then we have the following table: 



M 


Result 


N{k)-contact metric 


S = k{n — l)g or r = kn{n — 1) 


Sasakian 


S = (n — l)g or r = n{n — 1) 


Kenmotsu [16] 


5* ~ —{n — l)g or r = —n{n — 1) 


(e) -Sasakian 


5* — e{n — l)g or r = en{n — 1) 


para-Sasakian [33] 


S = —{n — l)g ov r = —n{n — 1) 


(e) -para-Sasakian 


S = —e{n — l)g or r = —en{n — 1) 



Corollary 7.12 Let M be an n-dimensional V^-Ricci-semisymmetric {N{k),£)-semi-Riemannian manifold 
such that ao + (n — l)ai ^ 0. Then we have the following table: 



M 


Result 


N(k)-contact metric 


n(n-l)kao 

S = k{n- l)g or r = — ^7 

ao + (n - Ijai 


Sasakian 


c / 1^ n{n-l)ao 
S = {n-l)gorr= — j- -— 

ao + {n- l)oi 


Kenmotsu 


c / 1^ -n(n-l)ao 

S = -in - 1)0 or r = ; — 

^ ao + in- l)ai 


(e) -Sasakian 


S -e{n l)g or r - \ \ 


para-Sasakian 


c / 1^ -n(n-l)ao 
S = -{n- l)g or r = — -— 

ao + (n - l)ai 


(e) -para-Sasakian 


-n(n-l)eao 

S = s{n l)g OT r = 

ao + (n - Ijai 



Corollary 7.13 Let M be an n-dimensional V-Ricci-semisymmetric {N{k),^)-semi-Riemannian manifold. 
Then we have the following table: 



M 


S = 


N{k)-contact metric 


k{n- l)g 


Sasakian 


(n - l)g 


Kenmotsu 


- (n - l)g 


{e)-Sasakian 


e(n - l)g 


para-Sasakian 


- (n - l)g 


(e) -para-Sosokian 


— e{n — l)g 


LoraiLztaii paru-Sasakuiii 


[n - l)!) 



CoroUciry 7.14 Let M be an n-dimensional M.-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
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fold. Then we have the following table: 



M 


S'' = 


N(k)-contact metric 


2k{n-l)S + k'''{n-l)'^g 


Sasakian 


2(n - 1)5 + (n - 1)^3 


Kenmotsu 


-2{n-l)S+{n-l)'^g 


(e) -Sasakian 


2s{n-l)S+{n-iy^g 


para-Sasakian 


-2{n-l)S+{n-iyg 


(e) -para-Sasakian 


-2s{n-l)S+{n-iy^g 



Corollary 7.15 Let M be an n-dimensional Wo-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
fold. Then we have the following table: 



M 


s-' = 


N{k) -contact metric 


2k{n-l)S -k\n-iy^g 


Sasokian 


2{n - 1)S - {n - ly^g 


KenvwLsa 


-2[u-l)S-[,i-lYg 


{e)-Sasakian 


2e{n-l)S - {n-iy^g 


para-Sasakian 


-2{n-l)S -{n-iy^g 


(e) -para-Sasakian 


- 2£(n - 1)5 - (n - 1)^5 



Corollary 7.16 Let M be an n-dimensional WQ-Ricci-semisymmetric {N{k),£,)-semi-Riemannian mani- 
fold. Then we have the following table: 



M 


s-' = 


N{k)-contact metric 


k'^{n - ly^g 


Sasakian 


{n- ly^g 


Kenmotsu 


{n - ly^g 


(e) -Sasakian 


in - ij^.g 


para-Sasakian 


(n — ly^g 


(e) -para-Sasakian 


{n - lyg 



Corollary 7.17 Let M be an n-dimensional Wi-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
fold. Then we have the following table: 



M 


S = 


N{k)-contact metric 


k{n - l)g 


Sasakian 


{n - \)g 


Kenmotsu 


- (n - l)g 


(e)-Sasakian 


e{n — l)g 


para-Sasakian 


- (n - 1)5 


(e) -para-Sasakian 


-e{n- l)g 



Corollary 7.18 Let M be an n-dimensional Wl-Ricci-semisymmetric {N{k),£,)-semi-Riemannian mani- 
fold. Then we have the following table: 



M 


S = 


N{k)-contact metric 


k{n - l)g 


Sasakian 


(n - l)g 


Kenmotsu 


-in- l)g 


{e)-Sasakian 


s{n- l)g 


para-Sasakian 


- (n - l)g 


[e) -para-Sasakian 


-e(n- l)g 



CoroUciry 7.19 Let M be an n-dimensional W^-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
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fold. Then we have the following table: 



M 


S'' = 


N{k)-contact metric 


k{n-l)S 


Sasakian 


(n - 1)5' 


Kenmotsu 


-(n- 1)5 


{e)-Sasakian 


e(n- 1)5 


para-Sasakian 


- (n - 1)5 


(e) -para-Sasakian 


-£(n- 1)5 



Corollary 

fold. Then 



7.20 Let M be an n- dimensional W^-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
we have the following table: 



M 


5 = 


N{k) -contact metric 


fc(n - l)g 


Sasakian 


[n - l)g 


Kc III no Is 11 


- (" - 


{e)-Sasakian 


e{n - l)g 


para-Sasakian 


- (n - l)g 


(e) -para-Sasakian 


-s{n- l)g 



Corollary 

fold. Then 



7.21 Let M be an n-dimensional Wi-Ricci-semisymmetric {N(k),^)-semi-Riemannian mani- 
we have the following table: 



M 


S'' = 


N{k)-contact metric 


k{n - 1)5 - fc^(n - lYg + ek'^{n - l)^r? rj 


Sasakian 


{n - 1)5 - (n - ly^g + (n - 1)^77 77 


Kenmotsu 


- (n - 1)5 - (n - 1)^5 + (n - 1)^77 Cg' t] 


{e) -Sasakian 


e{n - 1)5 - (n - 1)^5 + e{n - 1^1] q 


para-Sasakian 


- (n - 1)5 - (n - lYg + (n - 1)^77 r/ 


(e) -para-Sasakian 


- e(n - 1)5 - (n - 1)^^ + £(n - l)^r? (g) 77 



Corollary 
/o/d. Then 



7.22 Lei M fee an n-dimensional W^-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
we have the following table: 



M 


5^- 


N{k)-contact metric 


2k{n-l)S - k-'in^iy^g 


Sasakian 


2(n- 1)5- (n- 1)^3 


Kenmotsu 


-2(71- 1)5- (ti- 1)^5 


{e)-Sasakian 


2£(n - 1)5 - (ri - l)^.g 


para-Sasakian 


- 2(71 - 1)5 - (7Z - 1)^3 


(e) -para-Sasakian 


- 2£(n - 1)5 - (n - 1)^3 



Corollary 7.23 Let M be an n-dimensional WQ-Ricci-semisymmetric {N(k),^)-semi-Riemannian mani- 
fold. Then we have the following table: 



M 


25 = 


N{k)-contact metric 


k{n — l)g + k{n — l)r] (g) 77 


Sasakian 


(n - l)g + {n - 1)77 ® rj 


Kenmotsu 


— {n — l)g — (n — 1)77 (g) rj 


{e)-Sasakian 


e{n — l)g + (n — 1)77 g) rj 


para-Sasakian 


— (n — l)g — (n — 1)77 ® r] 


(e) -para-Sasakian 


— e{n — l)g — {n — 1)77 (g) 77 



CoroUciry 7.24 Let M be an n-dimensional Wj-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
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fold. Then we have the following table: 



M 


S = 


N{k)-contact metric 


k{n - l)g 


Sasakian 


(n - 1)51 


Kenmotsu 


- (n - l)g 


{e) -Sasakian 


e{n — l)g 


para- Sasakian 


- (n - l)g 


(e) -para- Sasakian 


-e(n- l)g 



Corollary 7.25 Let M he an n-dimensional W%-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
fold. Then we have the following table: 



M 


2S = 


N{k)-contact metric 


k{n — l)g + k{n — l)g ® 77 


Sasakian 


[n — l)g + [n — \)g ® g 


Kenmotsu 


— (n — l).g — {n — l)ri <S> g 


(e) -Sasakian 


s{n — l)g + (n — l)g g) g 


para-Sasakian 


— (n — — (n — 1)7? (g g 


(e) -para-Sasakian 


— s{n — l)g — (n — 1)77 (8) g 



Corollary 7.26 Let M be an n-dimensional Wg-Ricci-semisymmetric {N{k),^)-semi-Riemannian mani- 
fold. Then we have the following table: 



M 


S = 


N{k)-contact metric 


k{n — l)g (g) 77 


Sasakian 


(n — 1)7? ® T] 


Kenmotsu 


— (n — 1)77 (g) 77 


(e) -Sasakian 


{n — 1)77 (g 77 


para-Sasakian 


— (n — 1)77 (8> r? 


(e) -para-Sasakian 


— {n — 1)77 <Si g 
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